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Abstract 

We give an explicit integral formula for the Dunkl kernel associated to root system of type 
A2 and parameter k > 0, by exploiting recent result in mQ 


1 Introduction 


In this paper we mainly focus on Dunkl kernels associated to root systems of type A, for a purpose 
of finding an explicit representation integrals for these functions, following our recent work on 
symmetric case. We outline here a simple method that leads us to such formulas for the A2 root 
system and provide a short and elementary proof of Dunkl’s formula for the intertwining operator 
established in (2j for parameter k > 1/2. General references are [2. ill [Tl fUS, Qj- 
Following the notations given in pQ, letting V be the hyperplane, 

¥ = {(x, y, z) € M 3 ; x + y + z = 0} 

and the root system R = {±(ei — e2), ±(ei — 63), ±(e2 — 63)} where (ei,e2,e3) is the standard 
basis of the Euclidean space M 3 . Fixe (ei — e2,e2 — 63) as the basis of simple root and C the 
corresponding fundamental Weyl chamber, 


C — {A — (Ai, A 2 A 3 ); A 3 < A 2 < Ai}. 

The Weyl group is isomorphic to the symmetric group S 3 . The Dunkl operators are given by 


d 




1 • 


i -' Xi — Xn 

l<jA»<3 J 


i = 1,2,3 


where A; is a positive real parameter and s, h j acts on functions of vaiables (xi, X2, X3) by interchanging 
the variables Xj and Xj. The Dunkl kernel Ek(-,y), y € M 3 , characterized by being the unique 
solution of the following eigenvalue problem 


Ti(E k (.,y))(x) = yiE k (x,y); E(0,y)=0, i = 1,2,3. 
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( 1 . 1 ) 


Let J k the generalized Bessel function associated with R and k, given by 

Jk(x,y) = E k( a - X ^y)- 


tGG 


The functions J k are related to the ordinary modified Bessel functions J k _ 1 by (see HI): 




r(3fe) 


L 


Ai /* A 2 


(Ml+M2- 2 M3)(» y l+ t, 2) . (h 1 — [l2){yi ~ V 2 ) • 

e 2 "- 


F(A)2*-ir(A:)3 7 A2 ,/ A3 

(^1 - n 2 )W k (y, X)duidv 2 , 


for all A = (Ai, A 2 , A 3 ) GVflC and /1 £ M 3 , where 

y(A) = (Ai-A 2 )(A 1 -A 3 )(A 1 -A 3 ) 

W k (y, A) = ^(Ai — i^i)(Ai — ^ 2 )(A 2 — ^ 2 )(^i — A 2 )(zq — A 3 )(^ 2 — 


fc-i 


Recall here that 


J k -l( z ) — 


T(2k) 


u 


e zt (l-t 2 ) k ~ l dt- 


z £ 


2 ' ' 2 2 k ~ l T(k ) 2 y_! 

In the next section we shall use this fact to construct an integral formula for E k . The following 
theorem is the main result of this article. 

Theorem 1. The Dunkl kernel of type A 2 has the following integral formula 


E k (hi A) 


T(3fc) 


f^ 1 f\ 2 {s(A! _ A 2 )(^! — V 2 )J k -l ( 


V(X) 2 k T(kf A 3 


(hi ~ h 2 )(vi ~ V 2 ) 


(hi ~ h 2 )(vi ~ V 2 ) 


—§(viV2 + ~^( u i + ^2) + AiA 2 ^J7^_i ^ 

(A 3 - zzi)(A 3 - v 2 )e n+n 2 3)< 1+ 2) W k (u, X)dv 1 dv 2l 


( 1 . 2 ) 


for all X € V D C and p £ 


2 Outline the proof 

An interesting relation between J k and J k +i is given in ( [6], p.369 ) by the following functional 
equation 

T v (Jk+i(-,y)V ( 0 ) 0 ) = 7 k Jk(x, y ) ( 2 . 1 ) 

where T v = (Tf - T 2 )(T 2 - T 3 (Ti - T 3 )) and 7fc = T v (V(.))( 0) = ((2fc + l)(3fc + l)(3fe + 2))”\ 
This together with Proposition 1.4 of [3] implies 

^2 det(a)E k (a-h, A) = 'y k V(h)V(X)J k+1 (/i,X). (2.2) 

o-gg 

Combining (12.21) with (11.11) yields for all /i £ M 3 and A £ V 

E k (h,X ) + £*(//,ct.A) + £ fc (/z,o- 2 .A) = ^ 7 fcR(A)R(/r)J fe+ i(/x, A) + 6J fe Qu,A)) (2.3) 

where <7 = si )3 si )2 . This is a starting point from which we have the following 
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Lemma 1. Let A € V and T be the operator 


T = AtAmT 1 ++ 1 - a(A)Ti+ « A)Ii + 1 


Then we have 


Ek(n, A) = r(^ H(A) H(.) J fe+ i(., A) + j fc (., A)) (/i), // 


<E 


The proof is a straightforward calculation which we shall omit. However, to obtain our integral 
formula for E k , it therefore comes down to express the following terms with suitable integrals 

(i) F(m)4+i(m, A) 

(ii) Oi - M 2 XM 2 - M3)4+i(m, A) 

(hi) (mi - M 2 )(/H - M3)<4+i(m> A) 

(iv) Ti(H(.)J fc+1 (., A)(m) = H(m)^# ±1 (m, A) + (2k + J* +1 (m, A) 


5mi 


9mi 


(v) T 2 (V(.)J k+1 (., A)(m) = H(M)^(M, A) + (2fc + J fc+1 (M, A) 


<9M2 9m2 

We will need to use the following classical equations of the modified Bessel function J a , a > — 

zj a+ i(z) = 2(q + 1 )X(z) (2.4) 

JM) = + 

and the following facts: 


(2.5) 


(M 1 -M 2 XM 1 -M 3 ) = 
(Mi -M 2 XM 2 -M3) = 
(Ml -M3)(M2-M3) = 

H(m) = 

First, from (12.41) we have 

(Mi -M2)«4 +i(m>A) 

(4fc + 2)r(3£; + 3) 


(Mi ~ M2XM1 + M2 ~ 2 m 3 ) + (Mi ~ M2) 2 

2 

(Mi ~ M 2 )(Mi + M2 ~ 2 m 3 ) ~ (Mi - M2) 2 

2 

(Mi + M2 ~ 2 M 3) 2 ~ (Mi ~ M2) 2 
4 

(Mi + M2 - 2 M 3 ) 2 (Mi - M2) - (mi - M2) S 


( 2 . 6 ) 

(2.7) 

( 2 . 8 ) 

(2.9) 


Ai r^2 


PI 


(Ml+M2~ 2 M3)( t/ l+ I/ 2) 

e 2 J, 1 


H(A) 2fc+1 r(M + l) 3 J X2 A 3 fe -2 


(Mi - M2 )Ai “ ^ 2 ) 


Wfc+i(z/,A) dvidv 2 


and by using integration by parts, 

(Mi — M2) 2 <4 +i(m> A) 

(4 k + 2)r(3fc + 3) 


Ai r A 2 


rs 


(m1+^2- 2 M.s)( 1 '1+‘'2) 

e 5 J, , 


H(A) 2fe + 1 r(A: + l) 3 Jx 2 A 3 " " 


(Mi - M2)(^i - ^ 2 ) 


(<A - d U2 )W k+ i(i/,A) dvidv 2 . 
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Making use of (12.51) we have 
0 1 - Af2) 3 <4 + i(ju, A) 


(4fc + 2)r(3/c + 3) f Xl , . (mi+M-2- 2 A'3)(^1+ i/ 2) „ /(/il ~ /i 2 )(z2l — Z/ 2 ) 

= - vw^WTw k, A, (w - w)e a 'M- 2 - 

(5^ - (5„ 2 )%i(gA) dyidz^ 

4fc(4/c + 2)r(3fc + 3) /' Al f X2 (a< 1+M2- 2 M3)(^1+^2) /(^l — ^2)(M - ^ 2 )^ 

' VW^lXfc + l) 3 ,A 2 A 3 6 2 ^ V 2 J 

(<%i - ^)W fc+ i(t/,A) 

^ 1-^2 


and by integration by parts one-time, 

(Ati + A*2 — 2/Z3) 2 (Ati — /i2)«/fc+i(A t , 

(4fc + 2)r(3/c + 3) A Al f x2 (mi+m 2 - 2 m 3 )(^i+^ 2 ) , / (^1 — /X 2 ) (^1 — ^ 2 ) 

= ‘ K(A)“«r ( t +1)3 A a A, (m + " 2 ~ w)e 2 J M1-2- 

(<9,3, +0 I/2 )Wfc + i(i2,A)di/idi/ 2 . 


Note that the condition k > 0 is not sufficient to make an integration by parts again using the 
derivative operators d Ul + d V2 or d Ul — d U2 , because the appearance of d^Wk+i and dl 2 W k +i- 
However, we see that 


- (/H + A *2 - 2/i 3 )e 


(mi +M2~ 2 M3)( 1/ 1 +^ 2 ) . ( (/Tl — /i 2 )( Vi — Z/ 2 ) 


■Ji 


fc - 2 


(<9,2! +3 !/2 )W fe+1 (^,A) 


(mi+M2~ 2 M3)(^1 + ^2) 


+ Oi-A^K"^ 2 -— ' J"_ k 


= -25, 


-25, 


e 2 J l-h 


Ol ~ ~ V 2 ) 


(^1 - /kX(Tl - ^ 2 ) 


(5^ - 5i3 2 )H4 + i(z/, A) 
S^HWzaA) 


(Ml+M2~ 2 M3)( t/ l+ t/ 2) 

e 2 


jy. ( tw-«)(»»-^) )} ftlWWl(y , A) . 


Thus from (12.91) and integration by parts we obtain 
V{fi)J k+1 (n, A) 


(4A; + 2)T(3Ac + 3) A Al A A2 (mi+m 2 - 2 m3)(^i+^2) . / (/1 1 — A t 2)( l/ i - ^ 2 ) 

vW^r^+TF A 2 A 3 e 2 ^ V 2 

(flA W fc+1 (i/,A)dndi^ 

V M - ^2 ) 


which is a nice integral formula for ( i ). 
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Next, using (12.61) and (12.71) with integration by parts, 


(mi - M 2 XM 1 - M3)4+i(m, A) 

(4k + 2)r(3A: + 3) / Al f^ 2 (n+^2~ 2 ^3)^ v i+ v 2) ( (mi — /i 2 )(^i — ^ 2 ) \ 

” ^(A) 2fc+1 r(fe + i )3 A 2 A 3 e 2 ^ V 2 ) 

(d Vl ~ d V2 )W k+ i(v, \)dvidv 2 

(4k + 2)r(3fc + 3) f Xl f X2 (mi +m 2 - 2 m 3 )+i +vq,) . ( (mi — 7 * 2)(^1 — ^ 2 ) 

>(AP+ir(Hl) 3 A 2 ./a 3 e 2 Jfc -^ V 2 

(<4i + ^ 2 )W fe+ i(^, \)duidv 2 


and 


(Mi ~ M 2 XM 2 - M 3 ) 4+1 A) 

(2 k + l)r(3fc + 3) C^ 2 (Ml+M2- 2 M3)+l+ 1/ 2) / (/il — M 2 ) ((^1 — ^ 2 ) 

= + A 2 A 3 e 2 ^-1 V 2 

(<4i - <9^ 2 )W fc+ i(A,M)(Zi / i^2 

(2k + l)r(3fc + 3) / Al f^ 2 (mi+M2- 3 M3)(^1+ 1/ 2) , . (mi — M 2 XMI — ^ 2 ) N 

■b(A)2Hir(Hi) 3 i A2 A 3 e 2 2 2 j 

(<4i +^ 2 )W fe+ i(z/,A)<ii/i(ii/2. 


For (iv) we make use of the fact that 


zj'a+l( 2 ) = 2(a + l)^Ja(z) - Ja+l(X))> 


and write 


r(3/c + 3) 


+ 


2^(A) 2fc+1 r(fc + 1) 3 
(2k + l)r(3/c + 3) 


f(m) 


r-^2 


'a 2 jA 3 


(mi+M2- 2 M 3 )+1+ 1/ 2) ( (mi — M2)(Xl — ^ 2 ) 

e 2 4+i 


(zm - Z^ 2 )(^l + l 2 2)kkfc + i(l 2 , A )dv\dv 2 


Ai />A 2 


y(A)2fc+ 1 r(A : + l) 3 


(Ml — M3)(M2 — M3) [ [ 

J Ao 7A 


(mi+M2- 2 M 3 )( i/ 1+ i '2) 

, e 2 4-i 

a 2 j a 3 


(Mi - M2)(^i - ^ 2 ) 


Xi - i 2 2 )kFfc+i(z 2 , A )dvidi>2 


-(2k + 1)(mi - M3)(M2 - Ms)4+1 • 

Proceeding as for the integral representation of (i), we have 


r(3fc + 3) 


2P(A) 2fc+1 r(fc + l) 3 



Ai mA 2 


A 2 J a 3 


(mi+M2~ 2 M3)( 1/ 1+^2) 

e 2 Jr 


fc +2 


(Mi - M2)(^i ~ ^ 2 ) 


(l 2 ! - i 2 2 )(z 2 i + V2)W k+ i(v, \)dvidi/ 2 } 


(2k + l)r(3fc + 3) /" Al A 2 (mi +mo~ 2 m 3 ) +1 +^ 2 ) . /(mi — M 2 )( l/ i — ^ 2 ) 


p(A) 2fc+1 r(fc + i) 3 A 2 y A 3 


Mi /*/> 
J Ao A 3 


■4 


k-i 


d Ul d U2 ^(i 2 ! + z^Mfc+M A)) + k 


(d ui - <9„ 2 ) (121 + V2)W k+ i(v, A 


z'l - M 2 


> dv\dv 2 
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On the other hand, by using (12.51) and (12.81) with integration by parts, 


Ai f A 2 


(m-to)(to-to) f f 

J X 2 J A 3 


(mi +M2~ 2 M3)Ol +^ 2 ) _ 

e 2 J 


h—~ 

K 2 

( 2 d - v 2 )W k+1 (v, \)dvidv 2 


(Ml + M 2 - 2 M3)dl + ^ 2 ) 


+ 


+ 


( 2 k + l)r(3fe + 3) 
v(\) 2k+1 r(k +1) 3 

(2/c + l)r(3fc + 3) /- Al f x \ n ,_ T 

4v(x)^r(k+irJ X 2 J X3 ^ l+IJ ' 2 Ms)e 2 Jfc - 

( 9 zd + di^z'i - 22^ H / fc+ 1 (^, X)dv\dv 2 

(2k + 1)T(3A: + 3) /" Al Z^ 2 (mi +m^-2m3)(^i +>a) 

/ (to- to)e 

J Ao J As 


(Mi - M 2 ) (zd - 2 ^ 2 ) 


(Mi - M2) (zd - ^2) 


" 7’ / 


(Mi “ M2) (zd - 2^2) 


4F(A)2fc+i r (fc + i)3y A2 ,y A3 

(9221 - 9i2 2 )^i - 22 2 )W fc+1 (z2, A)^d22idz2 2 
/•Al /v\ 2 ( m 1 + M 2 - 2 / 13 )(mi + m 2 ) / (/il — M 2 ) (22l — I2 2 ) 

/ / e 2 ^4-i 

JAo ./A; 


k(2k + l)r(3/c + 3) 

y(A) 2 fe + 1 r(fc + i ) 3 J X2 J X3 


(dvi - dv 2 )Wk+i(i', X)dvidv 2 . 


As we noted above for the use of integration by parts a second time, we can do it by the following 
observations 


(Ml+M2-2M3)(^l+^2) ( (Ul — M2) (^1 — 22 2 ) 

- (Mi+M2-2Ms)e 2 *7*_i ' 


(d vi +d V2 ){(u 1 - 22 2 )W fc+1 (i2, A)) 


. . (Ml +M2~ 2 M3)(^1 +^2) 

+ (Mi — M 2 ) e 


= -29 


^1 


( fa-/‘2)K-^) ^ (8m _ _ ^ )M%+l(v , A) ) 

<9/22 ((221 - 22 2 )Wfc + l( 22 , A) 


-29, 


/22 


(mi+M2- 2 m:;)(^i+^ 2) . ^ (/ii — M 2)(221 — 22 2 ) 

9 a ._1 
2 

(mi+M2- 2 M3)Mi+^ 2 ) . ^ (/il — M 2 ) (id ~~ 22 2 ) 

' 2 M. 1 

K ~2 


9,2, ((221 - 22 2 )W fc+ i(z2, A)). 


Thus 


(2fc + 1)T(3A; + 3) 

F(A) 2 fe+ 1 r(/u + l ) 3 

(2k + 1)T(3A: + 3) 


Ai r- a 2 


(to-to)(to~to) f [ 

J X 2 J A 3 


(mi +M2~ 2 M3)( ty 1 +^ 2 ) _ 

e 2 At-A 


(to ~ M2) (*d - ^2) 


/•Ai />A 2 

y(A) 2 wr(fe + i) 3 i 7 a 3 

|922i922 2 ^(z 2! - J2 2 )w fc+ i(22, A)^ + A:(922! - 9z/ 2 )Wfc +1 (22, A)} did^ . 


(mi+M2~ 2 M3)(^1+^2) 

e 2 J k - 


( 12 ! - 22 2 )Wfc +1 (l 2 , \)dvidl /2 
Ami - M2)(zd - 22 2 ) 
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From these calculations it follows that 


Ti(V(.)J k+ iM))(m) 

= v(n) d '^' (n) + ( 2 k + 1 ) ((/XI - H3)(n 2 - /i 3 ) + (mi - /* 2 )(a *2 - /^)) 4 +i(m) 

( 2 fc + l)r(3A: + 3) f Xl f^ 2 (mi+m2- 2 m3)(^i+^ 2) , /(/ii — /^ 2 )( Z2 i — P 2 )\ 

“ F(A) 2fc+I r(fc + l) 3 A 2 As e 2 ^ V 2 y 

j(Fi + ^2) ^<9^19^2 + k^j -- 2 k{d Vl + <9^) j W4 + i(z2, X)du\du2 

(2k + l)r(3A: + 3) f Xl f^ 2 (a‘i+m2- 2 m3)(^i+^ 2) / (/ii — /i 2 )(z 2 i — z^N 

\^(A) 2fe + 1 r(A: + 1 ) 3 A a As 6 2 ^ V 2 J 

(z'l - ^ 2 ) (dvidv 2 + 3 k^ 1 - \ W k+1 (v, \)dv 1 dv 2 

\ V 1 -V 2 J 


By the fact that 


T 2 (V(.)Jk+i(., A))(/ii,/r 2 , ^ 3 ) — -ri(F(.)J fc+ i(.,A))( M2 ,Mi,M3) 


we also have 


T 2 (F(.)J fc+1 (.,A))( M ) 

(2k + l)r(3fc + 3) f' X2 (Ml+M2- 2 A*3)(^l + ^ 2 ) / ( (fl\ — /i 2 )( Z2 l — ^ 2 ) \ 

= V(X) 2k+1 T(k + l) 3 A 2 As 6 2 Jfe -^ V 2 J 

jVi + v 2 ) (^duidu 2 + ~ + <9^)1 Wfc + i(z/, X)dvidv 2 

(2k + l)r(3A: + 3) f Xl f^ 2 (mi+m2- 2 m3)(vi+^2) / (fi\ — /i 2 )(z 2 i — 1 ^ 2 ) \ , 

- vw ^ ywtt ? L L e 1 ^ l — 2 — J ^ w 

(dvidv2 4- 3 ) Wk+iiu,X)dv\du2 . 

V V\ - u 2 ) 


By virtue of these integral formulas we obtain 

T(V(.)J k+1 („ A))(/x) 

(2k + l)r(3fc + 3) /' Al f X2 (mi+m2~ 2 m3)(^i+^ 2) . /(/ri — /j. 2 )(z 2 i — Z 2 2 )\ 

= F(ApTTf(feTlF A 2 As 6 2 Jfc "5 V 2 J 

((a + /3 )(z2i + Z 2 2 ) + 2) (^dv\dv 2 + ^~ -- 2/c(a +/3)(0 l/1 +d^)j fF fc+ i(z/, X)dvidv 2 

(2k + l)r(3A: + 3) f Xl f X2 (g i+m2~ 2 < j 3)(^i+ i/ 2) /(/ii — // 2 )(z/i — Z 2 2 ) 

+ V(X) 2k+1 T(k + l) 3 A 2 As 6 2 Jfc_ ^ V 2 

(a- /?) (dvidv 2 + 3/c—-— ^ Wfc + i(i/, X)dvidv 2 . 

V v\-v 2 ) 

Put a(A) = AiA 2 + A 1 A 3 + A 2 A 3 and 6 (A) = — AiA 2 A 3 , we have 


^ (zd - ^ 2 ) 
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^ w k+ i(u, A) = -& 2 ( 6 z/ 2 z / 2 + 2 a{v\ + v\ + z/iz/ 2 ) + 36(z/i + v 2 )^jW k {u, A) 


/) — f) 

dv x dv 2 + 

ifi - ^2 

iy\ + v 2 ) (dvidv 2 + ) - 2fc(3„ 1 + <9^) J> W fc+ i(z/, A) 


dv\dv 2 + 3 A: 


= k 2 ^2az/iz/ 2 (z/i + z/ 2 ) + 36(z/i - z/ 2) 2 + 2a 2 (z/i + z/ 2 ) + 4a6^ W k (u, A) 
^ W fc+ i(^, A) = fc 2 ( - Qau\v 2 - 96(i/i + z/ 2 ) + 2 a 2 ) W fc (z/, A) 


l/l - 1/2 


((a + f})(v\ + i/ 2 ) + 2) (dvidv 2 + k— - — ^ - 2fc(a + /3)(<A + d U 2 )\W k+ 1 (u, X) 

\ ui-u 2 J j 

= -k 2 (l 2 vfv% + 4 a(z/ 2 + i/| + z/ii/ 2 ) + 66(z/i + v 2 )) W fc (z/, A) 

+(a + /3)A 2 ^2ai/ 1 z/ 2 (i/i + 1 / 2 ) + 36(z/i - v 2 ) 2 + 2a 2 (z/i + v 2 ) + 4ab^W k (v, A). 


We finally obtain 


Ek (m> A) — 


r(3fc) 


Ai /'A 2 


S'j 


(Ml+M2~ 2 / x 3)( t2 l+ ty 2) _ 

e 2 Ji 


k— — 
K 2 


(Mi - M 2 ) Ai - z/ 2 ) 


Al - ^ 2 ) 


y(A)2*r(A:)3 y Aa A 3 

{ Q 2 ^ ( ~ QaUlU2 ~ 9 &Ai + V 2 ) + 2 a 2 ) + (—y^(z/i + 1 / 2 ) + l)m} a )dv±dv 2 


+ 


T(3fc) 


Ai /■A 2 


s s 


(^!+M2-2M3)(^1 + ^2) , . (/il — /i 2 )Al — I/ 2 ) \ 

V{Xf k T{kf J X2 A 3 6 2 fc 2 2 j 

{^(2a, 1 , 2 (, 1 + z/ 2 ) + 36(i/i - i/ 2 ) 2 + 2a 2 (i/i + z/ 2 ) + 4a6^ 

^6i/ 2 z/| + 2a(i/ 2 + i/f + 1 / 11 / 2 ) + 36(i/i + z/ 2 )^ + Q — (zq - z/ 2 ) 2 W (A) W fe (z/, \)dvidv 2 


where, 


a — f3 


( - 6 ai/iz / 2 - 96(z/i + 1 / 2 ) + 2a 2 ^ + + v 2 ) + l^F(A) 


— 3(Ai — A 2 )z/iz/ 2 + 3(A 2 — A 2 )(z/i + z/ 2 ) + 3A 2 (Ai — A 2 ) 
= 3(Ai — A 2 XA 3 — z/i)(A 3 — z/ 2 ), 


| (—AA1 ^2ai/ii/ 2 (z/i + 1 / 2 ) + 36(i/i - i/ 2 ) 2 + 2 a 2 {vi + i/ 2 ) + 4a6^ 

- ^6z/ 2 z/f + 2 a{yl + z/f + z/iz/ 2 ) + 36(z/i + z/ 2 )) + ° ^ (z/i - z/ 2 ) 2 l/(A) j 

= —6 z/f z/f 3A 3 z/iz/ 2 (z/i + z/ 2 ) — 3A 3 (A 2 4- A 2 )(z/i + z/ 2 ) — 6 AiA 2 A 3 — 2(z/ 2 + z/f + z/iz/ 2 )(AiA 2 — A 2 ) 

+(2AiA 2 + A 2 )(z/i — z/ 2 ) 2 

= — 6 (A 3 - z/i)(A 3 - z/2) (vi z/2 + ^(z/i + 1/2) + AiA 2 ^. 


This conclude the proof of Theorem the main result. 

Now if we equippped the space V with the basis ( e\ — e 3 , e 2 — e 3 ) and with the Lebesgue 
measure du = du\dv 2 , then we can state 




















Corollary 1. The Dunkl kernel connected with the exponential function by 




l co( A) 


A) dv 


( 2 . 10 ) 


where co( A) = {v G V, A3 < i/i, i/ 2 , ^3 < Ai} ; the convex hull of the orbit G. A and f/ie function 
Fk is given by 


Fk(x,y,X) = 

Y{2k)Y{3k) ^min(a;—A 3 ,Ai— x) 

2 2k ~ 2 Y{kfV{X) 2k Jmax{lyl {x _ X2l) 


/ ( 3 z 2 ( 2 y + Ai - A 2 ) - 63/(3; - Ai)(s - A 2 )i 

u_\^h V / 


^^ ((^ 2 -y 2 )((Ai-x) 2 - z 2 )(z 2 - (A 2 -x) 2 )) dz, 


i/max(|y|, |x — A 2 |) < min(x — A 3 , Ai — x) and equal 0 otherwise. 
Proof. Recall that 


X_i((Ml- 3 * 2 ) 2 ) = J K ei “' "’“(l-fj) 1 1 X[-l,!](f )2* 'dy, 

[ - fj)*- 1 JjXM.iKf )dy. 

Jr z a, z 


J'uldhl ~ t* 2 )z) = 


r(2k) 


2 2k ~ 1 Y{k) 2 


Inserting these into (11.21) and making use the change of variables: 


vi + za 2 vi - v 2 

x = —-—1 z =—-—. 


with Fubuni’s Theorem, we obtain 

E k (n, A) = [ [ e^ 1 + ^~ 2 ^ )x+ ^ 1 ~ ll 2 )v F k {x 1 y 1 X)dxdy 

J M J M 

where 


( 2 . 11 ) 


Fk(x,y, A) = 

r( 2 fc)r( 3 fc) f (o 2 ^ .2 , a _ , a a aA f(x 3 - x y~z^ k 

2 2 k ~ 2 Y(kfV(X) 2k 


J (3 z 2 (Ai - A 2 ) - 6y(x 2 - z 2 + A 3 x + AiA 2 )) 


2 — y 2 )(Ai — x ) 2 — Z){z z — (A 2 — x) 


k-1 


X[—1,1] (— )X[A lt Aa] (* + ")X[A 3 ,A 2 ] (x - z)dz 


Y{2k)Y{3k) 


r*min(ai—A 3 ,Ai—x) 


2 2 k ~ 2 Y{kfV{X) 2k y max( | y|>| a_ Aa | ) 

'(A 3 -x) 2 -z 2x k 


(^3z 2 (2y + Ai - A 2 ) - 6y(x - Ai)(x - A 2 )) 


k -1 


^ z — y )((Ai — x) — z ){z — (A 2 — x) )) dz 

where we used the fact that 

X[— 1,1] (t) X[Ai,A 2 ](® + z)x[A 3 ,A 2 ]( a:; ~ z ) Xmax(|j/|,|a:—A 2 |)<z<min(x— A 3 ,Ai—x)- 
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Now, the change of variables 


v\ +u 2 Vl~ 

X = -O-, y= - n-: 


gives 


E) 


=11 

M J M 


,M F t' v 1 + " 2 1/1 " 1/2 


5 o 5 1 


A du\U 2 - 


( 2 . 12 ) 


To achieve the proof we use that 


v € V; max 


Tl - Ud 


Pi + 1/2 


A 2 


. . ,^1 + ^2 , . ^1 + ^2 
< mm (---A 3 , Ai--- 


)| = co( A). 


□ 
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